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y^K 517.5 


C.O. MaHHGHKO ( /],OH 6 accKHH rocy^apcTBeHHbiH ne^arorKHecKHii yHHBepcHTeT, 

CjiaB5IHCK, VKpaHHa) 

nPMBJlM:aCEHMa nEPHO/],HMECKMX OyHKLI^MM 
B BECOBBIX nPOCTPAHCTBAX OPJIMHA 

B pa6oTe nojiyHen psifl npsiMbix h o6paTHbix TeopeM TeopHH npnGjiHxceHHsi 
?/^-flH4)4)epeHii,HpyeMbix 4)yHKu,HH b ivieTpHKax becobbix npocTpancTb OpjiHHa c 
BecaMH, KOTopbie npHHafljiexcaT Kjiaccy MaxeHxayna. 

KjiioHeBbie cjioBa: npocTpancTba OpjiH^a, HepaBencTBO BepHniTeiiHa, nan- 
jiy^mee npnGjiHxceHHe, -^-npoHSbOflHaH, npsiMbie h oGpaTHbie Teopeivibi, Kjiaccbi 
MaxeHxayna. 

AMS: 46E30, 42A10,41A17,41A20,41A25,41A27, 41A30. 


1. Onpe^ejiGHHH h nocTanoBKa sa^ann. llpHBefleM HexoTopbie cbefleHHH 
H3 TeopHH BbinyKJIbIX 4)yHKH,HH H BGCObblX HpOCTpaHCTB OpjIHHH (cM. BE])- 

OnpG^GJiGHHG 1. Hepepuenan eunyKJia^ (fiyHKyuH 4> = 4>(t) Hasueaemcn 
(f)yHKyueu lOma, ecAU 4> AGAAemcA Hemnou u ydoeAemeopAem ycAoeuAM 


_ 4>(x) ^ _ 

iim-= 0, iim 

X—^0 X X—>-oo 


oo. 


X 


OnpG^GJiGHHG 2. roeopAui, nmo (f)yHKyuA 4> ydoeAemeopAem ycAoewo 
A2 ($ G A 2 ); ecAU cyiyecmeyem nocmoAHHaA c > 0 manaA, nmo 


4>(2a;) < c 4>(a;), Vt G M. 

OnpG^GJiGHHG 3. HeompuyameAhnaA ^yuKyuA M = M{t), t > 0 naeuea- 
emcA KeaeueunyKAOu c^yuKyueu K)ma, ecAU cyiyecmeyem eunyKAOA c^yuKyuA 
lOma 4 > u nocmoAHnaA c> 1 maKOA, nmo eunoAHAemcA HepaeeHcmeo 


4>(x) < M{x) < 4>(cx), Vx > 0. 

06o3HaHHM Hepe3 Q mhohcgctbo bcex KbabHbbinyKjibix 4)yHKH,HH lOnra. 

OnpG^GJiGHHG 4. Uycmh M E Q. Toeda nepee Lm,ui odoenanaiom KAacc 27 t- 
nepuoduHecKux ueuepuMux no JJedeey (f)yHKyuu f, Komopue ydoeAemeopAwm 
ycAoeuH) 

277 

J M(\f{x)\)uj{x) dx < oo, 

0 
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sde (jj{x) — 27T-nepuoduHHaji udMepuMan u nonmu eesde noAODfcumeAbnaji (f)yHK- 
yuH (eec), a nepea Lm,uj odoaHauawm AUHeunyw odojiouKy KAacca Lmu- 

MHO>KeCTBO Lmoj CTaH0BHTbC5I HOpMHpOBaHHbIM npOCTpaHCTBOM, eCJIH 

27r 27r 

II/IIm.o; := sup I J \f{t)g{t)\uj{t) dt : J M{\g{t)\)uj{t) dt < 1 j, 

0 0 


r^e M{y) := sup(x^ — M(x)), y > 0 — flonojiHUTejiBHau b cmbicjib K)Hra 4)yHK- 

a ;>0 

PHU. 

PoBopuT, UTO BecoBau 4)yHKpHu Lj = Lj{t) npHHapjie>KHT Kjiaccy MaKBHxayna 
Ap^ 1 < p < oo, ecjiH LJ uBjiueTcu 27r-nepHopHuecKOH u 


1 


uj{t) dt 


1 


1 


A — aJ J \b — a J Lj^dp-^)(j;'j 

a a 

rpe [a, b] npousBOJibUbift OTpesoK us [0, 2ti\. 

J\jm KBasHBbinyKjioii 4)yHKu,HH M onpepejiuM BejiHUHuy 

:= inf{p : p > 0, G Q}, 


p-i 

dt] < c = const, 


p{M) 


p'{M) := 


p{M) 


p{M) - 1’ 

KOTopau BuepBbie Gbuia BBepeua b paGoTC [3|. Ecjih uj G Apf^M)^ to Lm,w ^ L, 
rpe L — npocTpaucTBO 27r-nepHopHuecKHx cyMMupycMbix ua nepuope 4)yHKpHH 
H Lm,u} CTaHOBHTbcu GauaxoBBiM npocTpaucTBOM c HopMoii OpjiHua. BauaxoBO 
npocTpaucTBO Lm,uj uasbiBaeTCu bccobbim npocTpaucTbOM Opjiuua. 

Hepes Q 2 o6o3HauaK)T Kjiacc 4)yHKii,HH M = M{t)^ KOTopbie ypoBjicTBopuioT 
yCJIOBHK) A 2 H TaKHX, UTO UBJIUCTCU KBaSHBblUyKJIOH flJIU UpOHSBOJIbHOrO 

e G (0;1). 

riyCTB / G M ^ ^ G ^p(M) H 

1 

{(Jhf) ^ y f{x + t) dt, 0 <h<7T, X e [-tt; 


TT 


— onepaTop cpaura. OGosuanub uepes / — epHuunubiH onepaTop, paccMOTpuM 
bejIHUHHbl 

r 


^r{f]S)M,uj ■= sup 

0<hi<6,l<i<r 


^ {6>0, r = l,2,...,) 

M,uj 


i=l 


KOTopbie uasbibaiOTCu MopyjiuMu rjiapKOCTu nopupua r 4)yHKn,HH /. 
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HsBecTHO (cm., HanpHMcp, |4j), hto MOflyjiH rjia^KOCTH ^rif] 5 )m,uj oGjiaflaiOT 

TaKHMH CBOHCTBaMH: 

1. BejiHHHHa Or(/; S)m,u} 5iBji5ieTC5i HeoTpnpaTejiBHOH h hc ySamaeT, kbk 4)yHK- 

nepCMCHHOH (5 > 0. 

2. CnpaBCflJIHBO HCpaBCHCTBO 

^r{fl 4 “ f2i 5 ')m,uj ^ 4 “ ^r{f2i ^')m,uj- 

3. Ecjih / e Lm,uj, M e Q2 ^u e Ap^M), to 

^r{f',S)M,uj < C'||/||M,a;- 


/],ajiee hbm noHa^oGsiTCsi onpe^ejieHHsi '0-HHTerpajia h ^/^-nponsBO^Hoft, koto- 
pBie npHHafljie>KaT A.M. CTcnanpy p c. 149 - 150] (cm. TaK>Ke p, c. 137 - 138]). 

Onpe^ejiGHHe 5. Uycmh f G L u 

/ p \ OO CX!) 

s[/] = A ^ A sin kx^ — ^ ^ Ak{f i x) (1) 

k=i k=0 

— psid 0ypt>e (f)yHKyuu f. Uycmh, dance, ilj{k) = {'ipi; ijj^) — napa npouseonhHux 

HUCAoeux nocAcdoeamcAhHocmeu 'ipi{k) u i{j2{k), /c = 1,2,. PaccMompuM 

pnd 

OO 

^0 A '^{ipi{k)Akif, x) A 'il)2{k)Ak{f, x)), (2) 

k=i 

sdc Aq — HCKomopoe hucao u 

Ak{f, x) = ak sin kx — bk cos kx. 

Ecau pnd (d^ dAA dauHou (f)yHKyuu f u napu ip ACAAcmcA pAdoM Oyphc hcko- 
mopou (pyHKyuu U3 F ^ L, mo (pyuKyuTO F nasueaiom ip-unmespaAOM (pyuKyun 
f u odoaHauawm F{-) = •). MnoDfcecmeo ip-unmezpaAoe ecex (JjyHKyuu 

U3 L o6o3HaHaemcA L'^. 


Onpe^ejiGHHe 6. Uycmh f E L, — ee pnd Oyphc u napa ijj 
ydoeAcmeopAcm ycAoeww 


tp\k) = iPlik) A tjjlik) 7^ 0, keN. 


Ecau pnd 


OO 


E 


k= 




^ \i/j^k) 


'p^(k) 


(^ 1 ,^ 2 ) 

( 3 ) 

( 4 ) 


3 





HeAHemcH pndoM Oypbe HCKomopou ^yuKyun (p E L, mo p nasoeeM ijj- 
npouaeodnou c^yHKyuu f u 6ydeM nucamh p(-) = ■) = 

UodMHOofcecmeo (jjyHKyuu f E L, y Komopux cyiyecmeywm ip-npouaeodnue, 
o6o3HaHawm uepea L'^. 

CB5i3b Me>Kfly ^/^-HHTerpajiaMH h -i/^-npoHSBOflHbiMH ycTaHOBjieHa b MOHorpa4)HH 
|E[ c. 150] (cm. TaK>Ke P c. 138 - 139]). TaM noKasano, hto ccjih 4)yHKLi,H5i / G 
L, p5ifl ([ID — ee p5ifl Oypbe, h BbinojiHeno ycjiOBHe (ED, to 4)yHKii,H5i J"^(f]x) 
oOjiaflaeT ^/^-npoHSBOflHOii h cnpaBe^jiHBO paBencTBO 

£>Vy/; ■)) = /{•)-y. 

Ecjih >Ke 4)yHKii,H5i / E h psifl ([ID — ee p5ifl Oypbe, to (]3yHKu,H5i D'^(/;x) 
oOjia^aeT -i/^-HHTerpajiOM h npn otom 

Jpoy/; •)) = /(■) + Ab, 

rye Aq — HeKOTopa5i nocT05iHHa5i. 

Otmothm TaK>Ke, hto b cjiynae, Kor^a 

'ijji{k) = i{j{k)cos^, 'ijj2ik) = i>{k)sm^, 

onpeflejieHHe -i/^-npoHSBOflHoft cobnaflaeT c onpeflejieHHOM [ip; ;5)-npoH3BOflHOH [5], 
c. 132] (cm. TaK>Ke [B1 c. 120]). Ecjih k TOMy nee 'ijj{k) = r > 0, to hokhthc 
i/^-npoH3BOflHOH coBnaflacT c xopomo hobccthbim hokhthcm (r; ;5)-npoH3BOflHOH b 
CM bicjie BefijiH-Ha^H, KOTopan, b cbok) OHepe^b, hbjihctch oOoOmeHHCM apoOhoh 
npOH3BOflHOH BcHJIH H oObIHHOH npOH3BOflHOH HOpHflKa T. 


2. BcnoMoraTejibHbie pesyjibTaTM. Epn flOKaoaTejibCTBe ochobhbix peoyjib- 
TaTOB 3TOH paOOTBI OyflCT HCnOJIbbObaTbCH (]3aKT OrpaHHHCHHOCTH b npOCTpaH- 
CTbax Lm^cu onepaTopa Oypbe h onepaTopa TpHroHOMeTpHnecKoro conpnxceHHH, 
KOTOpblH 6bIJI yCTaHOBJieH B P c. 278]. 

TeopeMa A. Ecau Me Q2 u oj E iTT'O dAA npouseoAhHou ^yuKyuu 

f E Lm,uj eunoAHATomcA Hepaeencmea 



\\Sn{f)\\M,uj < C\\f\\M,ujj 

( 5 ) 

u 

/ IMjW ^ 1/ |m,W5 

( 6 ) 

sde 



Sn{f;x)- 2 

n 

+ ^^(a/t(/) cos kxEbk{f)sin kx), n = 0,l,... 
k=i 

, ( 7 ) 
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— Hacmnue cyMMU Oypbe nopjidKa n (jjyHKyuu f, /(•) — (jjyHKyuji, mpusoHo- 
MempunecKU conpHOfcennan c f{-) u C > 0 — neKomopan nocmoHHHaH, Komopan 
He saeucum om fun. 

06o3HaHHM Hepes 


En{}P)M,ui •— II^n— iIIMjO;) ^ 

— HaHjiynmee npH6jiH>KeHHe 4)yHKii,HH (f c noMombio no^npocTpaHCTBa 7^-i Tpn- 
roHOMeTpHHecKHx nojiHHOMOB nop5iflKa, He Bbime n — 1. Ms TeopeMbiO, b nacT- 
HOCTH, cjieflyeT, hto 

11/ - 5„_i(/)||„,„ = Ci{l)£„(/)„.^ = 0(1 )S„(/)m.„. (8) 

r^e 0(1) — BejiHHHHbi, paBHOMepno orpaHHneHHbie no n. 

HaM noHaflo6HTbC5i Tannce cjieflyK)ni,ee yTaepncflenne, flOKasaHHoe b pa6oTe [7j, 
KOTopoe HOSBOJineT HaxoflHTb opeHKy CBepxy nopivibi (jp; ;5)-npoH3BOflHOH TpHro- 
HOMeTpHnecKoro nojiHHOMa nepes HopMy caMoro nojiHHOMa b npocTpancTBe Lm^uj 
H HBjineTCH aHajioroM KjiaccHnecKoro pesyjibTaTa C.H. BepHniTeiiHa [8j o nepa- 
BencTBe fljin iviaKCHMyivia MOflyjin npoHSBOflHoii TpHroHOMeTpHnecKoro nojiHHOivia. 

ero (J/opMyjiHpoBaHHH nepes D^f o6o3HanHM (fj] /3)-npoH3BOflHyK) (J/yHKpHH 
/, a nepes 9K* MHoncecTBO ne y6biBaK)ni,Hx h Hcnesaion^Hx Ha 6ecKOHenHOCTH no- 
cjie^OBaTejibHOCTeH ^(/c) > 0, to octb: 


= {'ip(k) : 'ip{k) — 'ip(k + 1) > 0, lim 'ijj(k) = 0, k E N}. 

k^oo 


JleMMa A. Uycmt G QTt*, Me Q^ucjE Ap(^M)- Tozda dji:R, 

npouaeoAbHoso mpmoHOMempunecKoeo noAunoMa nop^dKa, ne euiue n, eu- 
noAHAemcA nepaeeHcmeo 


\D^T 


\m,uj < 


K 


'f>(n) 


\\Tn 


M, 




n = 0,1, 


(9) 


zde l/'f(D) :=0, a K — noAoofcumeAbHaA nocmoAHHaA, KomopaA ne aaeucum 
om n. 


By^eM TaKHce HcnojibsoBaTb cjieflyK)m,ee yTHepncflenne, flOKasannoe b paGone 

[31- 

JleMMa B. Tlycmh M E Q 2 u cu E Ap(^M)- Toeda Oaa npouaeoAbHou fyuKyuu 
f E Lm,u} UMeem Mecmo nepaeeHcmeo 

f2t(/;<5)M,.<C'5“||/“|lM,„, r = l,2,.... (10) 
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OTMeTHM, HTO HCCJieflOBaHHK) paSJIHHHbIX BOnpOCOB TeOpHH npH6jIH>KeHHH B 
npocTpancTBax OpjiH^a nocBsupeHO SHa^HTejibHoe KOJimecTBO pa6oT. VnoMsiHeM 
B 3TOM oGsope npeHMymecTBeHHO pesyjibTaTbi, xacaioinHeci^ nojiyHennsi npi^Mbix 
H o6paTHbix TeopeM TeopHH annpoKCHiviapHH b sthx npocTpancTBax. 

Tax HexoTopbie npsiMbie TeopeMbi b npocTpancTBax OpjiHxa Gbijih nojiyxenbi b 
paGoTax pnnmi!. CjiyxaH BecoBbix npocTpancTB OpjiHxa Gbiji paccMOTpen b pa- 
GoTax mni, Bfle Gbiji nojiyxen psifl npsiMbix h oGpaTHbix TeopeM TeopHH npnGjin- 
HceHHH B 3THX HpocTpaHCTBax. HoKOTopbie oGoGm,eHHH ynoMHHyTbix pesyjiBTaTOB 
B BecoBbix npocTpancTBax OpjiHHa, onpeflejieHHbix na pasjiHHHbix MHOxcecTBax 
KOMHJieKCHOH HJIOCKOCTH, GbIJIH flOKaSaHbl B [m 1131 [151HB] • KpoMe Toro, pasjiHH- 
Hbie yTOHHOHHH H oGoGm,eHH5i npHMbix H oGpaTHbix TeopeM Teopnn npnGjiHHceHHH 
B BecoBbix npocTpancTBax Opjinna Gbijih flOKasanbi b paGoTax naiiBi. 

B 3TOH paGoTe nojiynen pnfl npHMbix h oGpaTHbix TeopeM Teopnn npnGjiHHceHHH 
fljiH i/^-flHcJicJiepeHpHpyeMbix h [ip] /3)-flH4)4)epeHH,HpyeMbix cJiyHKpHH b bocobbix 
npocTpancTBax Opjinna Lm^uj c BecaMH, KOTopbie npHHafljiencaT Tax HasbmaeMO- 
My xjiaccy Maxenxayna. HcnojibsyeMoe b 3toh paGoTe noHHTne i/^-nponsBO^HOH 
oGoGipaeT nsbecTHbie hohhthh (i/;; ;5)-npoH3BOflHOH, flpoGnbix npoHSBOflHbix b 
CM bicjie BeHJiH h Befijin-Ha^n, oGbihhoh npoHSBOflHOH, a nojiyneHHbie pesyjib- 
TaTbi, c OflHOH CTopoHbi, coflopixaT xax nacTHbie cjiynan nexoTopbie pesyjibTaTbi 
npeflinecTBeHHHxoB, a c flpyron CTopoHbi, hosbojihiot oGnapyxcHTb hobbio cJiaxTbi. 

3. OcHOBHbie pesyjibTaTM. IlycTb 9}t — noflMHoncecTBO Bbinyxjibix nocjie- 
flOBaTejIBHOCTeH fleftCTBHTejIBHblX HHCejI 'lp{k) > 0, H3 MHOHCeCTBa TO eCTb: 

:= e : '^(A: + 2) — 2ilj{k + 1) + 'ip{k) >0, /c G N}, 

a — HOflMHOHCeCTBO (JiyHXpHH Ip G flJIH XOTOpbIX ^ < oo. 

k=l 

OGo3HaHHM nepeo L'^Lm,uj xjiaccbi i/^-HHTerpajiOB (JlyHxpHH / G Lm,uj- Hmoot 
M ecTO cjieflyiomee yTaepncflenne. 

TeopeMa 1. Ilycmb f G npuueM M E uj ^ ^p{M) u 'Pi ^ 

OJl, ^>2 £ Tozda npouaeoAbHoso HamypaAhHoso n eunoAHAemcA nepa- 
eencmeo 

E„(J)m.„ < K^{n)E„(f )M.u, ( 11 ) 

e KomopoM 'ipin) = p^i{n) + K — KOHcmanma, Komopan He saeucum 

om n u piyHKyuu f. 

Otmothm, hto yTBepncfleHHe TeopeMbi [Ub GojibiHHHCTBe cjiynaeB HBjineTCH xo- 
pomo H3BecTHbiM. ripH i/i(n) = f3 = a, a>0, uEN openxa (ITTI) nojiynena 
B paGoTe [3|. ripH i/ii(n) = '0(n) sin '02(n) = i/i(n) cos G 5C)T, /3 G M co- 
OTBOTCTByiomHe peoyjiBTaTBi HaHfleHbi b paGoTe [7], a ecjin M = 1 < p < cxd, 
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TO TaKHO pesyjibTaTbi npHHafljie>KaT A.H. CTonanpy h A.K. Kymnejiio US EH]. 
Ecjih >Ke 1 < p < oo H K TOMy >Ke ^/^(n) = {3 = r, n,r G N, HepaBOHCTBO 

fjTTI) flOKasano A.O. THManoM |2Il c. 316]. 

/^OKaaamejittcmeo. llycTb / G r^e M G Q 2 ^ ca G Ap(^M)^ Tor^a, 

ecjiH 'ijji G 9}t, ”02 £ TO P, c. 151 - 152] (cm. TaK>Ke P c. 140]), Bcer^a 
cymecTBycT 4)yHKLi,H5i /^gL®, L®:={(/?gL: (/?A1}, psifl Oypbc KOTopoii 
coBnaflacT c dH). B paOoTC [221 JieMMa 3] noKasano, hto flaHHoii (]3yHKLi,HH / G 

Lm,oj H npOHSBOJIBHOrO £ > 0 BCer^a HaftflCTCSI TpHrOHOMCTpHHeCKHft nOJIHHOM 
r(x), KOTOpOrO 

27r 

J M{\f{x) — T{x)\)uj{x) dx < e. 

0 

OTCKD^a, B HaCTHOCTH, CJICflyCT, HTO 


Enif) 


M,uj 


0, n —>■ 00 . 


IlooTOMy, y^HTbiBaa cooTHomcHHe (JH]), mo^kcm yTBep>KflaTb, hto b cmbicjic cxo- 
flHMOCTH B MCTpHKe npOCTpaHCTB Lm,oj BbinOJIH 5 IK)TC 5 I paBCHCTBa 

00 00 

f{x) = ^ Akif; x), f^{x) = ^ Afc(/^; x) = 


k=0 

00 


k=l 




k=l 






( 12 ) 


Ms pa3JIO>KeHH5I (0121) CJIC^yiOT (]30pMyjIbI CB5I3H Me>Kfly K034)(]3HU,HeHTaMH Oy- 
pbC 4)yHKLl,HH H /: 


at(/) = i’i(k)ak(f*) - 'il>i{k)bk(P’), 
bkif) = Mk)ak(X) + 

y^HTbiBai^ Tcnepb paBCHCTBa (IT2T) - dHD, naxo^HM 

aoif) 

= 

k=o 

aoif) 

k=i 


(13) 

(14) 


00 


fi^) = XI ^ ^ '^Mf) cos kx + bkif) sin kx) = 


k=i 


00 




COS kx+ 


+ 


Mk)ak(X) + MkMf*) 


sin kx I = 


7 












( 15 ) 


ao{/) 


CX) 


A:=l 


+ ^^(?/^i(/c) ak{f^) cos kx + bk{f^) sin kx 


+ 


-\-ij 2 {k) afc(/^) sin kx — 6/c(/^) cos kx 

/ p \ CX) CX) 

= + XI ^) + X '^ 2 {k)Ak{f^] x). 

k=l k=l 

ripHHHMan BO BKHManne cooTHomeHnn (171) n flTHT) . nojiynaeivi 

CX) 

f{x) - Sn-i{f] = X ^ 

k=n 

CX) CX) 


= X '4^i{k)Ak{f'^; a^) + X '^ 2 {k)Ak{f'^; x). 

k=n k=n 

/](ajiee HMceivi 

OO CX) 


(16) 


k=r 


k=r 


= '^'^i{k)[Sk{f'^;x) - /^(x)j -'^'iJji{k)lSk-i{f'^;x) - /^(x)j = 


k=r 


k=r 


OO 


= '^['^i{k)-i^i{k^l)] 5'fc(/^;x)-/^(x) -?/^i(n) x)-/^(x) . (17) 

k=n 

AnajiornnHO nojiynacM 

OO OO 

X i’2ik)Ak{f'^; ^) = X '^‘^ik)Ak{f^] x) = 


k=n 


k=n 


= ^[4^2{k)-'4j2{k+l)] Sk{f'^;x)-f'^{x) -^2(n) Sn-i{f'^;x)-f'^{x) . (18) 


k=n 


Hcnojibsyn CBoftcTBa nopivibi n cooTHomeHne ((7D, na ocHObannH paBcncTb fOiBI) 
naxoflHM 

K(/)m,.< ||/-^n-l(/)||M,.< 


CX) 


< T[i>i{k) - v>i(fc + 1)] St(f*) -f* + Un) S„_i(/p - f* 

“ M,a; 

k=n 


M.uj 


+ 


CX) 


+ y][Uk) - Uk + 1 )] S,Cf*) - p + Un) S„^i{p) - 'p 

M,uj 


k=n 


< 


Ma 
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rfle 'ip‘^{n) = ipKn) + ^ K — KOHCTaHTa, KOTopa5i ne saBHCHT ot n. Teopeivia 

flOKasana. 

Cjie^cTBHe 1. B ycjioeujix meopeMU 1 UMeem Mecmo Hepaeencmeo 


En{f)M,uj < K'lpin), 


(19) 


e KomopoM K — KOHcmanma, Komopasi ne aaeucum om n. 


CHHTa5I, HTO nOCJieflOBaTejIbHOCTH 'ljj{k) HS 971 5IBJI5IK)TC5I Cy>KeHH5IMH Ha MHO- 
HcecTBO HaTypajiBHHx HHceji HenpepbiBHbix 4)yHKH,HH ip{t) HenpepbiBHoro ap- 
ryivieHTa ^ > 1, b cooTbeTCTBHH c P c. 159] ( CM. TaKHce p c. 147]) Hcpes 

r]{t) = t) o6o3HaHHM 4)yHKLl,HK), KOTOpan CBHSaHa C 'ijj paBCHCTBOM 

^(^(^)) = t > 1- 

OTCKD^a, BCJieflCTBHC CTpOrOH MOHOTOHHOCTH H y6bIBaHHH K HyjIK) 'ijj, 4)yHKLl,H5I 

r]{t) fljiH Bcex ^ > 1 onpe^ejiHCTCH oflHOSHaHHO 


rj{t) = t) = i/j ^ 

BflC iIj~^ — (]3yHKII,H5I, oGpaTHBH K l/j. 

J\n^ HOJiyHCHHH cjieflyK)m,Hx pesyjibTaTOB 6yfleM HcnojibsobaTb onpe^ejieHHH 

MHOHcecTB 9}to H F, npHHafljie>Kani,He A.M. CTcnanpy P c. 160, c. 165] (cm. TaKxce 
P c. 148, 153]): 


97to = {^ e 9Jt: 0 < 


<K,t> 1}, 


lii’-B) -1 
F = {'i{jem: < K}, 

r^e t) — 4)yHKii,H5i, KOTopan onpeflCJiHCTCH pabCHCTbOM 
CnpabCfljiHBa cjic^yion^aH TCopcMa. 


TeopeMa 2. Uycmb M G Q 2 cj G Api^M)- Tosda Sam npouaeoAhHou (fiyHKyuu 
f G Lm,oj w n G N 6ydeM uMemt: 


1. Ecau 'ifj G 9Jto u pnd 

00 

k=i 

cxodumcA, mosda cyiyecmeyem npouseodnaA /^, maKaA nmo Oaa r = 
0,1, 2, ..., u npouaeoAhHoso HarnypaAbHoso n eunoAHAemcA Hepaeencmeo 




^ ’ n) M,uj 


< —S" 

— J^2r 2-^ 
i /=0 


V 


2r 


'ip{v) 


EAf) 




v=n+l 


EAf) 


Mx 




( 21 ) 
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2 . Ecau i/j ^ F, t) — t>C>Ou p^d 

oo 

Y,EUf)MMikMk)-k)\-^ 

k=l 

cxodumcA, mo cyipecmeyem npouseodnaA Baa Komopou 






oo 

+ E 


Eiy{f)M,UJ 
^(z/)(r/(z/) - 



n G N, 


( 22 ) 


ade C — KOHcmanma, KomopaA ne aaeucum om n u (jjyuKyuu f. 

Ecjih 'ijj{n) = n“^, (2 = r, r, n G N, Tor^a yTBep>KfleHHe TeopeMbi E] coBnaflaeT 
c TeopeMoii 1 h 3 pa 6 oTbi [IB]. B cjiy^ae i{j{n) = n““, (2 = a, a > 0 , n G N, 
aHajiOBHHHbie pesyjibTaTbi Gbijih nojiyHenbi b pa 6 oTe [ 3 |. 

/^oKaaameA'bcmBO. J\a^ ^OKasaTejibCTBa TeopeMbi 6 yfleM HcnojibsobaTb cxe- 
My, npefljio>KeHHyK) b KHHre [231 c. 120 - 126 ] (cm. TaK>Ke | 6 | c. 545 - 551 ]). 

riyCTb {tni')}^=l nOGJICflOBaTCJIBHOCTb TpHrOHOMCTpHHeCKHX nOJIHHOMOB, KOTO- 
pbie ocyiii,ecTBji5iK)T HaHjiynmee npHOjinxccHHC (]3yHKii,HH / G Lm,uj- IIojioxchm 
flaHHOH 4)yHKII,HH t/j H KaXCflOBO HaTypajIBHOBO n 


no = n, ni = [r]{'ijj; n)] + 1 ,..., = [r/(?/;; n^.i)] + 1 ,... . 


B 3TOM cjiy^ae psifl 

CX) 

tnoix) + X](4.(2^) - 

i=l 

GyflCT CXOflHTbCH K (]3yHKU,HH / B npOCTpaHCTBC Lm,oj ■ PaCCMOTpHM p5Ifl 


{Dpno){x) + - 4 ._J)(a;) ( 23 ) 

i=l 


H y 6 eflHMC 55 , HTO OH Oy^CT CXOflHTbCH B HpOCTpaHCTBC Lm,uj K CyMMC T’(x), pHfl 
OypbC KOTOpOH HMCCT BHfl 



akif) cos 



+ bk{f) sin 



( 24 ) 


npHMCHHH HCpaBCHCTBO (EJ) K paSHOCTH Ui{x) = tn^x) — trn_^{x), (KOTOpaH, 
OHCBHflHO, HBJineTCH HOJIHHOMOM HOpHflKa fi*), HOJiyHaCM 


|(L>tu*)(-)||M,a; < CEn^_^+l{f)M,u;\'^in^)\ 


-1 
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BCJieflCTBHe Hero 




i=l 




-1 


(25) 


i=l 


Hcnojibsyn oii,eHKy 


En.+l{f) 


< 


m-l 

E 

v=ni-i 


g.+i(/) 

VlJjiyV) 


'ijj e 9Jto 


(26) 


nojiynenHyio b KHHre [23], c. 124 - 125] (cm. TaK>Ke [SI c. 149]), h3 cooTHomeHHH 
(ESI) nojiynaeM 


CX) 




En+l{f)M,uj 

i{j{n) 


00 


+ E 


Vll){v) 


(27) 


7=1 ^ ^ v=n+\ 

riocKOJiBKy no ycjiOBHio TeopeMbi b npaBon nacTH cooTHomeHnn fETIl cxo- 
flHTcn, TO 3T0 osnanaeT, hto pnfl fl24]) flencTBHTejibno cxo^htch b npocTpancTBe 
Lm,oj K neKOTOpOH (JlyHKpHH T{x) G Lm^uj- 

riycTb = ak{tn,) h = bk{tnX k = 0,1,2,..., — KOScJicJinpHenTbi 

Oypbe nojiHHOMOB tnX^)- Torfla b cooTBeTCTbnn c pabencTbaMH fHIB]) n (0131) ko- 

(rii) oirii) 


scJicJinpHeHTbi a^. * n * nojinnoMOb hmciot bh^ 

3i 

~2 


(rii) 1 f (rii) Ani) ■ 

al = [al ^ cos —+ bl sin — 


i>{k) 

1 


i(np -L /7 (Tii) {rii) ■ 


(28) 

(29) 


llocKOJibKy paBencTBO 

T{x) = \im{D^ptn,){x) 

n—ioo ^ 

BbinojinneTcn b CMbicjie cxo^hmocth b MeTpnKe npocTpancTb Lm,uj^ to 
ak{T) = lim bk{T) = Urn /c = 0,1,.... 

7—>-00 7—J-OO 

ripHHHMan BO BKHManne to, hto 

lim 4”*^ = afc(/), lim 6^^ = /c = 0,l,.... 


7—>-00 


7—>-00 


H3 pabencTB 


nojiynaeM 
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hiT) = (bkif) cos ^ - ttkif) sin . 

Onciofla cjie^yeT, hto pnfl Oypne 4)yHKii,HH T{x) flencTBHTejibHO coBna^acT c 
pnflOM 3 to osnanacT, hto 4)yHKii,Hn f{x) fleftcTBHTejiBHO hmcct [ip] j3)- 

npoHSBOflHyio /^(x), KOTopan npHHafljie>KHT npocTpancTBy Lm^uj^ h fljin nee bbi- 
nojinncTcn paBcncTBO 


f^{x) = (D^4o)(a^) + - in,.,]){x), (30) 

i=l 


B MCTpHKe npocTpancTBa Lm,uj- 

Mcnojibsyn cbohctbo 2 BejinnHHbi Ha ocHOBannH cooTHomeHnn 

(OUT) nojiynacM 


( /’*; i) Dp„„] ; i) + njDX„; - 

n/M,uj \ ^ nJ \ ^ n/M,w 


( 31 ) 


y^HTBIBan CBOHCTBO 3 MOflyjIH HCnpepblBHOCTH H HCpaBCHCTBO (El), HaXOflHM 



D^t ■ —^ 


< C\\f* - D*U\\m.. = 


nJ M,uj 


= C|| £(13^4. - t„._.))(a;)||M,„ < c£ 


i=l 


oo 


< 




\\tn, - f\ 

'Pi'Tli) 






\\f 


i=l 


\M,u} 


'ip{ni) 


i=i -- .=1 

Mcnojibsyn opcHKy f l2BI) hs coothohichhh 


< 




[trii tui-iWu^u! E 
En^+lif) M,uj 


i=l 

nojiynacM 


'Pirii) 


(32) 



Dt^P) <C J2 

^ nJ M,uj ^ ^ 

i/=no+l 


Eu{f)M,uj 

vip{y) 


ripHHHMan BO BHHMaHHC HCpaBCHCTBa ([Till) H (El), HaXOflHM 


(33) 


Q { D'^f • 

i Lj. ^ 1^p (/^p. 


1 


n/ M,uj 


1 1 
< Qr(Dtto; —^ Qr(Dt{ti — ti-i); —)m,w E 

V P nJ M,oj \ ^ n 

1=1 


< 


C 


r^2r 


(Dtkf’ 


no 


Mx 




r) 


1=1 


M,uj 


< 


c 

^ —r 

n^r 


no 

E 

n=0 


2r Eiy{f)M,uj 


TJ 




(34) 
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06T5eflHH5i5i Tenepb cooTHomeHH5i (EH), (133|) h fIMl) . nojiy^aeM 




OO 

+ c E 

i'=nQ+l 


Eiy{f)M,UJ 


H, nocKOJibKy no onpeflejiennio uq = n, saKannnBaeM ^OKasaTejibCTBO TeopeMbi. 
HoKasaTOJibCTBO nyHKTa 2 Teopeivibi npoBO^HTcn anajiornnHO, c ynoTOM cjiefly- 
K)m,ero anajiora nepaBencTBa (ES), nojiynennoro b Knnre [231 c. 125 - 126] (cm. 
TaK>Ke P c. 551]) 




^ E 


iy=ni-i 




^ e F. 
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